Abstract. We study the integral Hasse principle for affine varieties of the form
Introduction
In recent papers [4] and [10] , Colliot-Thélène , Wei, Xu, D. Loughran and V. Mitankin, studied the integral Hasse principle and strong approximation for Markoff surfaces, using the Brauer-Manin obstruction. For Markoff surfaces , D. Loughran and V. Mitankin obtained the following beautiful result :
Assume that m ∈ Z is such that affine surface U m defined by
has a Brauer-Manin obstruction to the integral Hasse principle. Then m − 4 mod Q × 2 ∈ {±1, 2, 3, 5} ⊂ Q × /Q × 2 .
As they pointed out , this can be seen as an analogue of the finiteness of exceptional spinor classes in the study of the representation of an integer by a ternary quadratic form (see [3 , §7] ). Now, fix m, a ∈ Z, m = 0, 4a. Let U ⊂ A 3 Z be the affine scheme over Z defined by the equation
We study the Brauer-Manin obstruction to the integral Hasse principle for U. In particular, we have similar results : Moreover, we will give examples whose Brauer groups include 4-torsion elements, and with some assumptions, we can show that there is no Brauer-Manin obstruction to the integral Hasse principle for them.
As noted in [11] , an often used strategy for proving that a class A ∈ Br(U) of order n gives no obstruction to the Hasse principle is to demonstrate the existence of a finite place v of k such that the evaluation map X(k v ) → (Brk v )[n], sending a point P ∈ Y (k v ) to the evaluation A(P ) ∈ (Brk v ) [n] , is surjective .However,the local invariant of non-cyclic algebra is difficult to compute in general. Based on ideas of [5] , we will construct explicit representatives of non-cyclic Brauer classes on affine surfaces, and compute its local invariants in special places.
Notation Let k be a field and k a separable closure of k. If X is a k-variety,we write X = X × k k. If X is an integral k-variety, we let k(X) denote the function field of X. If X is a geometrically integral k-variety, we let k(X) denote the function field of X. We let Pic(X) = H 1 et (X, G m ) denote the Picard group of a scheme X. We let Br(X) = H 2 et (X, G m ) denote the Brauer group of a scheme X. If X is a regular integral k-variety, the natural map
is injective. We let Br 1 (X) = Ker[Br(X) → Br(X)] denote the algebraic Brauer group of a k-variety.
Algebraic Brauer group of cubic surface
Follow J.-L.Colliot-Thélène,Dasheng Wei,and Fei Xu, we have
over a field k of characteristic zero with a ∈ k × , a / ∈ k 2 , then X is smooth if and only if m = 0, 4a.In this case,the 27 lines in X are defined over k( √ a, √ m, √ m − 4a) by the following equations:
)y with ε = ±1, and δ = ±1.Moreover the intersection number
Proof. The results follow from straight forward computation.
.
over a field k of characteristic zero with a ∈ k × , a / ∈ k 2 ,and m = 0, 4a.Then Br(X)/Br 0 (X) = 0 or Br(X)/Br 0 (X) ∼ = Z/2 with generator ((
Proof. The proof is completely similar to [4, Proposition3.2] , for later application,we only give computations of Br(X)/Br 0 (X) in somes cases. Since X is geometrically rational,we have Br(X) = Br 1 (X). SinceX(k) = ∅, we have the following isomorphism
by the Hochschild-Serre spectral sequence. By [7, Chapter V, Proposition4.8] ,there is l ∈ Pic(X) satisfying the following intersecton property
such that {H i (1, 1) : 1 ≤ i ≤ 6} ∪ {l} forms a basis of Pic(X). Since
One concludes that
. For simplicity, we write l i for
we have
Proposition 2.3. Let U be the affine variety over a field of characteristic zero defined by the equation
By [4,Proposition 2.2], P ic(U) is given by the following quotient group
Zl i . By computations in proposition 2.2, we have
(ii)
Let H = τ, θ , we have the following exact sequence
where
, we have the following exact sequence
We obtain
Arguing in the same way as in the proof of [4, Theorem 3.4] , one obtains the generators (x − 2, m − 4a) and (x + 2, m − 4a). Indeed since
is a closed subset of codimension ≥ 2 on U, one obtains that (x ± 2, m − 4a) ∈ Br 1 (U). This implies that
Now we show that B is not constant.
The generic fibre
is the pull-back of B by the projection map U η → U, one concludes that B is not constant. 
Examples of Brauer-Manin obstruction
Proof. Arguing in the same way as in the proof of [4,Lemma 5.1 ], one can easily verify this.
Proof. Since T ∈ U(F p ) is singular, we have
We obtain x 2 = 4, y 2 = 4a.
Proof. Note that
If ord p (x − 2) is odd, we obtain
We now show that these possibilities can be realised. We first consider (
There is y 0 ∈ Z p such that y 0 2 − 4a = ps ′ by Hensel lemma. Let x 0 = p − 2, we consider the following equation
By Hensel lemma, one can see that the equation has solutions. Let t 0 denote one of the solutions and let z 0 ∈ Z p such that 2z 0 − x 0 y 0 = pt 0 , then
If we let x 1 = p + 2, one can see that there exists
For ord p (m − 4a) > 2, the proof is similar . Proof. We can assume that U(A Z ) = ∅, where A Z = R × p Z p ,otherwise there is nothing to prove. Let
to prove the proposition , it suffices to show for all
We first consider the case ( a p ) = 1.
Since p ≥ 5,there exist t, s ∈ F p , such that the Legendre symbol (
One can see that υ 1 and υ 2 are smooth points of U(F p ) by lemma 3.2, hence there exist
Since p ≥ 5 ,we can choose e, f ∈ F p such that the Legendre symbol ( e p ) = −1,(
One can see that υ 3 and υ 4 are smooth points of U(F p ) by lemma 3.2, hence there exist
The proposition is established.
As corollary, we obtain Theorem 1.1 .
Proposition 3.5. Let U be the scheme over Z given by
where a, d are odd integers such that (a,
Then there is a Brauer-Manin obstruction to the integral Hasse principle for U.
Proof. We first prove U(A Z ) = ∅ using Hensel lemma . For p = 2, we have smooth point (1, 1, 1) ∈ U(F 2 ), hence U(Z 2 ) = ∅. For p = 2, We break up several cases.
2 , one only needs to consider p ≡ 3 mod 4 and ( a p ) = 1. Note that 3 is in F × p by our assumption, we have smooth point
(iv) p ∤ a, p ∤ d and p ∤ 4a+2d 2 , one only needs to consider ( 
we will show that for each point T ∈ U(Z p ), we have ) = −1, the claim follows from lemma 3.3. Finally, since m − 4a > 0, the claim is trivial for p = ∞ . It remains to examine p = 2. Assme now p = 2. Let T ∈ U(Z 2 ), one easily see that there is at least one coordinate of T belonging to Z × 2 . A simple Hilbert symbol calculation implies the claim for p = 2. Proposition 3.6. Let U be the scheme over Z given by
where a is an even integer such that a ≡ 1 mod 3 and √ a / ∈ Q, p ≡ ±1 mod 12 or (
there is a Brauer-Manin obstruction to the integral Hasse principle for U.
Proof. We first prove U(A Z ) = ∅ using Hensel lemma .We break up several cases.
2 , one only needs to consider p ≡ 3 mod 4 and (
(v) p ∤ a, p ∤ d and p ∤ 4a+3d 2 , one only needs to consider (
, we will show that for each point T ∈ U(Z p ), we have ) = −1, the claim follows from lemma 3.3. Finally, since m − 4a > 0, the claim is trivial for p = ∞ . It remains to examine p = 2, 3. Assme now p = 2. Let T ∈ U(Z 2 ), one easily see that there is at least one coordinate of T belonging to Z × 2 . A simple Hilbert symbol calculation implies the claim for p = 2. For p = 3, note that ax 2 + y 2 + z 2 − xyz = 4a + 3d 2 is equivalent to the following equations
Then for any P ∈ U(Z 3 ), there are two coordinates of P belonging to 3Z 3 . We can assume
, one concludes that inv 3 B(P ) = . The proposition is established.
Proposition 3.7. Let U be the scheme over Z given by
where 4 | a, a ≡ 1 mod 3 and √ a / ∈ Q, d ∈ Z whose prime divisors are congruent to ±1 mod 12 and ±1 mod 8 or ±5 mod 12 and ±3 mod 8. Then there is a Brauer-Manin obstruction to the integral Hasse principle for U.
Proof. Note that if U(Z
, we obtain inv 2 B(T ) = 0. A similar argument in the proof of Proposition 3.6, one can prove U(A Z ) = ∅, and
so that B gives an obstruction to the Hasse principle.
Proposition 3.8. Let U be the scheme over Z given by
where a, d are odd integers such that (a, d) = 1, ord 5 (a) ≥ 2 ,and √ a / ∈ Q, the prime divisors of d are congruent to ±1 mod 8 and ±1 mod 5 or ±3 mod 8 and ±2 mod 5. Then there is a Brauer-Manin obstruction to the integral Hasse principle for U.
Proof. A similar argument in the proof of Proposition 3.6, one can prove U(A Z ) = ∅. Let B = (x 2 − 4, 10) = (z 2 − 4a, 10) = (y 2 − 4a, 10), we will show that for each point T ∈ U(Z p ), we have
so that B gives an obstruction to the Hasse principle. If p ∤ 10d 2 the claim follows from Lemma 3.
2 . Finally, since m − 4a > 0, the claim is trivial for p = ∞ . It remains to examine p = 2, 5.
. we obtain inv 5 B(T ) = 0. For p = 2,for any local solution T (x, y, z) ∈ U(Z 2 ), there is at least one coordinate of T belonging to Z × 2 . We assume z is in Z × 2 ,hence z 2 − 4a ≡ 5 mod 8. we obtain inv 2 B(T ) = 1/2. so that B gives a obstruction to the Hasse principle.
Remark 3.9. We can take m = 4a + 2qd 2 , where q is an odd prime , one easily obtains similar conclusions.
Proposition 3.10. Let U be the scheme over Z given by
where q is an odd prime, t is an odd integer such that 3 ∤ (t − 1) , √ t / ∈ Q, (t, d) = 1 and the prime divisors of d are congruent to ±1 mod 8. Then there is a Brauer-Manin obstruction to the integral Hasse principle for U.
Proof. A similar argument in the proof of Proposition 3.5, one can prove U(A Z ) = ∅.Let B = (x 2 − 4, 2) = (z 2 − 4a, 2) = (y 2 − 4a, 2), we will show that for each point T ∈ U(Z p ), we have 10) so that B gives an obstruction to the Hasse principle.
2 . Finally, since m − 4a > 0, the claim is trivial for p = ∞ . Note that for any local solution T (x, y, z) ∈ U(Z 2 ), there is at least one coordinate of T belonging to Z × 2 . we obtain inv 2 B(T ) = 1/2. It remains to examine p = q.
If y or z is in
is the solution of the following equation
We obtain inv q B(M) = 0 by lemma 3.1 .
Proposition 3.11. Let U be the scheme over Z given by
where q is an odd prime such that q ≡ ±3 mod 8 , then there is a Brauer-Manin obstruction to the integral Hasse principle for U.
Proof. One can easily check U(A Z ) = ∅ using Hensel lemma. Let B = (x 2 − 4, 2q) = (z 2 + 4q, 2q) = (y 2 + 4q, 2q), we will show that for each point T ∈ U(Z p ), we have
We only need to consider p = 2, q, ∞. Note that for any local solution T (x, y, z) ∈ U(Z 2 ), there is at least one coordinate of T belonging to Z × 2 . we obtain inv 2 B(T ) = 1/2. Since y 2 + 4q > 0, the claim is trivial for p = ∞ . It remains to examine p = q. 
If we are given a G-module M,then applying Hom G (−, M) to the above complex,the groups H i (G, M) are homology groups of the following complex:
We introduce the notations:
,then we have
For subgroup t , we have the following resolution
The injection from Z[t] to the first factor
Special examples
Example 1. Let U be an affine variety over a field of characteristic zero defined by the equation
Here we give explicit condition which
, and use methods of ColliotThélène, D. Kanevsky, J.-J. Sansuc [5] to describe the 4 torsion elements .
By computation of proposition 2.3, we have
, and since
one concludes that
Hence,we have the following sequence
by [6.proposition 3.3.14]. To show H 1 (G, P ic(U)) has 4-torsion elements, we use bicyclic group cohomology . Now we identify classes in H 1 (G, P ic(U)) with pairs (a, b) ∈ Z 1 (G, P ic(U)) modulo those of the form (∆ σ (v), ∆ τ (v)), where
Then any element of H 1 (G, P ic(U)) is the class of
where x 1 , x 2 , y 1 and y 2 ∈ Z. If we let y 2 be odd, it's easy to prove it's 4-torsion element.
Remark 5.2. Using methods of Colliot-Thélène,Dasheng Wei,and Fei Xu,we can obtain all 2-torsion elements:
We take x 1 = 2, x 2 = 1, y 1 = 0, y 2 = 1,we obtain this class
, one has the following commutative diagram of exact sequences
where the morphism ∂ is the connecting homomorphism of the following exact sequence 
